The effective super-renormalizable 3-dimensional Lagrangian, describing the high temperature limit of chiral gauge theories, has more symmetry than the original 4d Lagrangian: parity violation is absent. Parity violation appears in the 3d theory only through higher-dimensional operators. We compute the coefficients of dominant P-odd operators in the Standard Electroweak theory and discuss their implications. We also clarify the parametric accuracy obtained with dimensional reduction.
Introduction
A general feature of effective field theories is that they may have more symmetries than the corresponding original theories. These extra symmetries are then broken by higher-dimensional operators in the effective theory. In many cases, the higher order operators are non-renormalizable whereas the "effective" Lagrangian is renormalizable. A familiar example is GUT-induced baryon number violation [1] which is absent in the renormalizable Standard Model Lagrangian. Another classic example is the four-Fermion interaction, which introduces, e.g., strangeness non-conservation into QED+QCD. Additional symmetries may also appear in the case of non-renormalizable effective theories, like in chiral effective Lagrangians for QCD [2] .
The purpose of this paper is to point out that a similar situation may arise in dimensionally reduced effective field theories describing the high temperature thermodynamics of various weakly coupled gauge theories [3] [4] [5] [6] [7] [8] [9] [10] [11] (for a review, see [12] ). In this context, the effective theory is 3-dimensional and super-renormalizable. It does not contain parity (P) violation, nor in many cases, such as the Standard Model, charge conjugation (C) violation. However, if the original 4d theory breaks P or C, it will induce P or C breaking higher dimensional operators into the effective theory.
To be concrete, consider the electroweak sector the Standard Model (SM), disregarding the U(1) group, at non-zero temperature T but with zero chemical potentials µ = 0 for all conserved charges. The super-renormalizable effective action relevant for this case is
where
, and T a = τ a /2. The τ a are the Pauli matrices. The factor 1/T multiplying the action has been scaled into the fields and the coupling constants, so that the fields have the dimension GeV 1/2 and the couplings g 2 3 , λ 3 have the dimension GeV. The connection between the couplings in eq. (1) and the physical parameters of the 4d theory is given explicitly in [6] . The P and C violating chiral fermions contribute only through the parametric dependence of the couplings on the number of families N f and on the top quark Yukawa coupling g Y . The terms of lowest dimensionality neglected in eq. (1) have dim=6 in 4d units; an example is (φ † φ) 3 . The P and C conserving dim=6 operators arising in dimensional reduction have been studied in [7, 14, 15] , and P breaking operators have been discussed in [16] [17] [18] [19] [20] .
It is now obvious that the P and C violating effects of the 4d theory must appear in the higher dimensional operators of the effective theory. In fact, one expects that the dominant effects will come from the integration out of the top quark. The leading diagrams, beyond those already included in the computation of the coupling constant relations for the theory in eq. (1), are shown in Fig. 1 . The corresponding operator will be given in eq. (11) below.
P and C breaking operators
Before computing the diagram in Fig. 1 it is illuminating to analyse the situation more generally. To this end we first specify the transformation properties under discrete 4d CPT transformations of the fields appearing in the 3d action S = S[A i , A 0 , φ], then find out all possible J P C = 0 +− , 0 −+ , 0 −− operators of lowest dimensionalities and finally see which of these are really induced in the transition from the 4d to the 3d effective theory and with what coefficients. Since the CP violation of the SM is very small, one expects the coefficients of any induced 0 +− , 0 −+ operators to be tiny so that the main interest is in the P and C violating operators with J P C = 0 −− . Note that in some extensions of the Standard Model, such as in the MSSM, CP-violation can appear in the bosonic sector even in the super-renormalizable vertices of the 3d theory, and could thus have correspondingly larger effects.
The transformation properties of the objects appearing in the effective theory S = S[A i , A 0 , φ] under the 4d discrete symmetries C, P and T are shown in Table 1 . With these one can explicitly verify that the terms in eq. (1) are separately invariant under C, P and T.
Consider now the possible P or C violating locally gauge invariant operators in order in eq. (11) . The solid line is a (top) quark propagator, the dashed line a Higgs field and the wiggly line a gauge field. The symbols L and R indicate the handednesses of the quarks. For the dim=6 operator one needs the momentum dependence of the 4-leg diagram, which supplies two more indices j, k. An obvious 5-leg diagram is not shown.
1. Dim=5. The lowest possible dimensionality is dim=5 in 4d units (after rescaling to 3d, the dimension is 3 1 2 or 4). It is helpful to write the spatial gauge fields in terms of
The P violating locally gauge invariant operators O P C that can in principle emerge, are then
Here (3)- (5) clearly violate P, but using Table 1 , one can see that they conserve C. Thus they are CP-violating. Moreover, they conserve T, thus violating CPT (of the original 4d theory). Terms of this kind can only arise in connection with non-zero chemical potentials [16] which we assumed are zero. One can also write down P-conserving but C-violating operators, 
, so that they can consistently be added to the Euclidian action in eq. (1). Note that apart from for φ, C for SU(2) corresponds to the global gauge transformation g = iτ 2 , and thus there is no C-violation without φ. The transformations could also be written in some other forms; for instance, the T -transformation properties of
When written in Minkowski-space using
, these are seen to conserve T and thus to violate CPT. Hence the operators in eqs. (6), (7) can again only arise in connection with non-zero chemical potentials. The same holds for
Note that for zero chemical potentials there are no regular J P C = 0 ++ T-even operators induced by dimensional reduction at dim=5, either [15] . 2. Dim=6. Consider then the next dimension, dim=6 in 4d units (dim=4, 4 1 2 or 5 in 3d units). One can find several CP-violating J P C = 0 −+ operators, for example
When written in Minkowski-space, one can see that these operators are real, have T=−1, and hence have CPT=+1. Thus they can appear in the effective Lagrangian with very small coefficients coming from the CP-violation in the original theory. In the MSSM with new sources of CP-violation and more bosonic fields, many other kinds of CP-violating operators can arise, as well.
On the other hand, there are at dim=6 also the following two independent CP-even operators: conserve CP, the coefficients need not be vanishingly small.
The operators in eqs. (11), (12) can clearly come from the diagrams in Fig. 1 . To compute the operator corresponding to these diagrams it is simplest to take the 6-leg diagram since then the external legs can be taken at zero momentum. If p is the loop momentum and the external vector legs have the indices µναβ, then the γ 5 -part of the trace over the fermion loop has the structure
This is now summed over p 0 = (2n+1)πT and integrated over p by first using p 0 p i → 0,
One then obtains the structure
Reintroducing D i and F ij gives precisely the structure in eq. (11) , so that to 1-loop order,
where the extra T comes from going into 3d units and
The structure in eq. (12) would have been obtained if the signs of the first and last terms in eq. (14) had been opposite. We thus find that to leading order the inclusion of parity violating effects to the 3d effective theory of finite temperature SM leads to a purely imaginary higher dimensional term in the Euclidian action. The reason is actually simple: in Minkowski space the action corresponding to the diagrams in Fig. 1 must be real. Since the action is linear in A 0 , the transition to Euclidian space brings in one imaginary unit i.
The fact that the Euclidian P-
is imaginary, also implies that lattice Monte Carlo simulations of P-violating effects are in practice very difficult. Nevertheless, the new terms can have significant effects, as discussed below.
Note that both of the operators in eqs. (11), (12) contain the field A 0 . On the other hand, around the electroweak phase transition temperature, the field A 0 can be integrated out. This is because A 0 has a mass parameter which is always parametrically of order m
In contrast, the mass parameter of the scalar field is m
around the critical temperature, since there the 1-loop term ∼ g 2 T 2 cancels against the tree-level term ∼ −m 2 H . Thus near T = T c , A 0 is "heavy" and φ, A i are "light" and A 0 can be integrated out. Above the critical temperature, both A 0 and φ are "heavy" and can either both be kept in the effective theory or both be integrated out. In the theory without A 0 , the operators O
do not exist and one has to go to still higher dimensions.
3. Dim=7. We are now interested in P and C violating but CP-even operators which do not contain A 0 and which could hence appear in the effective theory with only A i , φ. The following operators exist at dim=7:
There cannot be an O −− operator without φ, since for SU(2) C corresponds just to a gauge transformation for all fields but φ (see Table 1 ) and the Lagrangian must be invariant under it.
However, even though one can write down the terms in eqs. (18)- (21) in 3d, one cannot obtain such operators with a dimensional reduction computation from 4d with zero chemical potentials. This is because all these terms are T-odd and hence CPT-odd (in the 4d theory) according to Table 1 . The statement that the P-violating operators without A 0 are CPT-odd is even more general: it can be seen from Table 1 that in the absence of A 0 , CT corresponds to complex conjugation so that any Hermitian (real) P-odd operator is odd in CPT. Thus for µ = 0, finite temperature parity violation can only appear in the 3d effective theory of eq. (1) including A 0 .
Consequences of the P and C violating operators
Let us now consider some implications of the operators discussed. We have three comments to make.
1. The first implication concerns the general statement of dimensional reduction. According to the arguments in the Appendix, the following statement can be made:
Consider bosonic static n-point one-particle-irreducible (1PI) Matsubara Green's functions G (4) n (p i ) for the light (m ∼ g 2 T ) and heavy (m ∼ gT ) fields in the full 4d theory, depending on external 3-momenta p i . On the other hand, consider the corresponding 1PI Green's functions in the 3d theory of eq. (1). Multiply the 4d Green's functions by the factor T n/2−1 to have the same dimension GeV 3−n/2 as the 3d Green's functions, and take a region of temperatures where |m
. Then, there is a mapping of the temperature and the 4d coupling constants of the underlying theory to the 3d theory in eq. (1) such that the 3d theory gives the same light and heavy parity conserving Green's functions as the full 4d theory for p ≤ gT with a relative error at most of the order O(g 3 ),
The error arises from a powercounting estimate of the contributions of the neglected higher-dimensional operators to typical Green's functions inside the effective theory (see the Appendix). A similar conjecture was first made in Ref. [6] but with a more optimistic error estimate ∆G/G ∼ O(g 4 ). Let us here clarify a few points related to eq. (22) .
First, note that near the critical point of the electroweak theory where the line of first order phase transition ends [22] , the relative accuracy of Green's functions determination actually decreases because of the following obvious reason. Suppose that the parameters of the effective 3d theory are such that we are precisely at the critical point. Then the scalar mass, defined by the two-point Green's function, is exactly equal to zero. At the same time, there can be a mismatch in the parameters of the theory of the relative order g 3 , so that in the full 4d theory, the same Green's function need not be exactly zero for precisely the same Higgs mass and temperature.
In this sense, the relative accuracy O(g 3 ) is lost at this special point. Of course the endpoint itself exists also in the full 4d theory, but the corresponding Higgs mass value m H,c is displaced by a relative amount at most of order O(g 3 ). Second, note that the statement concerning the accuracy of dimensional reduction in eq. (22) clearly does not apply to P-violating Green's functions. Indeed, these are exactly zero within the effective theory of eq. (1), yet non-zero in the full theory. The statement in eq. (22) only applies to P-even 1PI Green's functions which are non-zero in the effective theory.
It is important to stress that the Green's functions appearing in the conjecture of dimensional reduction are 1PI. For example, a correlation matrix employed in computing the masses of excitations coupling to each other, does not belong to this class. This case is discussed in more detail in point 2 below.
Finally, it should be noted that observables such as the critical temperature, the surface tension, or the latent heat, can be determined from P-even quantities and thus the super-renormalizable Lagrangian in eq. (1) is sufficient for all practical purposes. In particular, non-perturbative results on these observables such as in [22] remain intact by an addition of P-violating operators.
2. Consider the matrix of two-point correlators defined by the following commonly used operators:
Note that by acquiring a non-zero momentum, the scalar state H can couple to an operator with quantum numbers J PC = 1 −+ . Now, in the super-renormalizable theory, the quantum numbers P and C are conserved: all the operators in the Lagrangian are 0 ++ . This means that the states above cannot couple to each other, and their correlation matrix would only have diagonal components. However, in the full theory, there is P-violation, manifesting itself for instance through the existence of the 0 −− -operator in eq. (11) which has a single A 0 . This means that states with J P C = 1 ++ and 1 −− can couple to each other, and there are therefore non-zero cross-correlations between W 3 i and h i . The very long distance exponential fall-off of both operators is thus determined by a common mass, in contrast to what the super-renormalizable theory would suggest. This general problem has been discussed in [21] . Thus for this kind of Green's functions, the effects of P-violation are qualitatively important.
3. The third implication of the explicit parity violation induced by the higher order operators is related to the possibility of spontaneous parity violation. A priori, it is not excluded that the theory in eq. (1) exhibit spontaneous parity breaking in the symmetric phase [18] . However, lattice simulations in the symmetric phase of the SU(2)+Higgs and SU(2)×U(1)+Higgs models carried out in [19, 20] did not show any signal of spontaneous parity breaking. If such a phenomenon had taken place, then the small explicit P-violating operators in eqs. (3)- (5) induced by chemical potential could have altered the ground state of the electroweak theory significantly. Note that, in contrast, the operator in eq. (11) cannot have such an effect, as it is purely imaginary in Euclidian space [23] .
Conclusions
We have discussed the role of parity violation at finite temperature. For most practical purposes, in particular for the determination of the thermodynamical properties of the electroweak phase transition, parity violation is not important, apart from changing the number of fermionic degrees of freedom participating in weak interactions. However, there are circumstances, such as the measurement of the Debye mass in the electroweak theory [21] , where explicit parity violation does play a role.
Appendix
In this appendix we give the power counting argument behind the conjecture in eq. (22) .
Let us first recall that slightly different formulations have been considered for dimensional reduction in the literature. The original one is a direct integration over the non-zero Matsubara modes (see, e.g., [3, 7] ). However, at higher than 1-loop level, one has to be careful with this formulation, and, for instance, it turns out that in order to construct a local effective theory it is necessary to consider also the zero Matsubara modes in some internal loops in the reduction step [5, 6, 9] . The other formulation is based on matching [6, 8] , and in this formulation the complication mentioned is automatically taken care of.
To now consider the accuracy of the matching procedure, let us assume the power counting rules g Y ∼ g, λ ∼ g 2 characteristic of the renormalization structure of the theory. We also assume that the exact results of the full 4d theory could be derived from an effective 3d theory containing an infinite number of higher order operators, obtained by dimensional reduction. The fields of this effective theory are generically denoted by φ. We assume that renormalization is taken care of by the appropriate counterterms so that the only momentum scales in the effective theory are gT , g 2 T . The question is now that if the 3d theory is truncated such that only the super-renormalizable Lagrangian in eq. (1) remains, what is the error induced for an arbitrary static Green's function? Note that to minimize the error, one is allowed to make an optimal choice for the values of the parameters remaining in the effective theory.
In general, the higher order operators generated by 1-loop dimensional reduction and removed by the truncation, are in momentum space of the form
where D ≥ 6 is the dimension of the operator in 4d units, 2 ≤ n ≤ D, and p is a generic momentum. If some operator is generated only at higher than 1-loop level, then the coupling constant appears in a still higher power. When one goes to 3d units, there is one extra 1/T multiplying the Lagrangian and at the same time the fields are scaled by T 1/2 and the couplings by its inverse, so that the operators in eq. (24) become
We now study non-vanishing P-even 1PI Green's function inside the effective theory of eq. (1), and ask what kind of corrections arise from operators of the type in eq. (25) . The relevance of the 1PI-condition is that all the loop momenta are of order gT, g 2 T . Otherwise one could assign an arbitrarily small momentum to one of the lines.
One way of verifying eq. (22) is to apply Symanzik's conjecture [24] for effective field theories, which is widely used in the construction of improved lattice actions (see, e.g., [25] ). In the present context, the conjecture can be viewed as basically a dimensional one and it becomes applicable when, after rescalings into the form in eq. (25), the inverse temperature 1/T is (dimensionally) identified with the lattice spacing a. It is then important to note that as has been discussed in the text (see also [15] for the Peven operators), the higher order operators start at D = 6 in the absence of chemical potentials. Then, the higher dimensional operators in eq. (25) are at most of order O(a 3 ). Adopting Symanzik's statement to our case, one then knows that in order to reproduce effects of order O(a 3 ), one should add to the super-renormalizable theory in eq. (1) all operators with D = 6, and modify the parameters of this theory (couplings, masses, and wave function normalizations), adding to the tree-level terms finite scaling corrections of order O(a n ) up to n = 3. Due to the fact that the effective 3d theory is super-renormalizable and contains dimensionful couplings only, the mapping can be done perturbatively by computing a finite number of multiloop diagrams (this is different in 4d at zero temperature, where the couplings are dimensionless and the mapping should be done in a non-perturbative way, see [25] , as stated in eq. (22) . To be consistent with this precision, it is enough to compute the 3d parameters with the relative accuracy g 2 . For the coupling constants and wave function normalizations, one only needs a 1-loop computation, but for the scalar mass parameter one needs to go to 3-loop level [6] (or 2-loop level if the mass parameter is assumed to be of order ∼ g 2 T 2 ).
Finally, let us note that the above arguments can be directly repeated for the "second step" of dimensional reduction, i.e., for the integration out of A 0 . One can see that the relative errors are O(g 2 3 a 0 )
3 ∼ O(g 3 ) as stated in [6] , where the cutoff scale 1/a 0 is now identified with the Debye mass m D ∼ gT , and the only momentum scale in the final effective theory is ∼ g 2 3 . As mentioned above, P-violation is non-existent in the theory without A 0 , so that it does not cause any complications.
It is interesting to note that, in general, the relative accuracy obtained with a theory where A 0 is kept, is not better than with a theory from where A 0 is integrated out. Of course, the sets of Green's functions considered are different. For those Green's functions which are considered in the theory without A 0 , the theory with A 0 is in principle more accurate.
